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Velocity-Free Attitude Controllers Subject
to Actuator Magnitude and Rate Saturations
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We consider the “velocity-free” feedback control problem associated with attitude tracking for a rigid body
subject to torque-magnitude and rate-saturation limits. Whereas no angular rate measurements are utilized within
the feedback structure, the controller rigorously enforces actuator-magnitude and rate-saturation constraints.
The associated stability proof is constructive and accomplished by the development of a novel Lyapunov function
candidate. Although control smoothness is preserved at all times, it is important to note that the results of this
paper that are derived with respect to magnitude saturation place no additional restrictions on the body inertias
and make no other small-angle assumptions. The closed-loop performance of the new control solution derived here
is evaluated extensively through numerical simulations in which we also include realistic levels of sensor noise in

the feedback signals.

I.

HE rigid-body attitude control problem has been extensively

investigated for many years due to its relevance to spacecraft
attitude maneuvers, underwater vehicles and several other applica-
tions in robot manipulation. Full state-feedback solutions for these
classes of problems that utilize both attitude and angular-velocity
measurements can now be considered to be fully understood and
solved (for example, Refs. 1-5). However, the assumption of avail-
ability of the angular-velocity measurement for use within the feed-
back signal is not always satisfied, because of either cost limitations
or implementation considerations.

As a remedy to such situations, several important recent results
have utilized passivity-based attitude-control strategies to guarantee
global asymptotic stability when the feedback control signal is de-
sired to be angular-velocity-free.®~® The underlying approach within
all of these results is the construction of a dynamic filter driven by
the attitude variable (say, the vector part of the quaternion®® or the
modified Rodrigues parameter vector”?). These solutions provide
the dual benefits not only of avoiding numerical differentiation of
noise-corrupted attitude signals (dirty derivatives), but also of the
assurance of a rigorous stability analysis.

Besides the obvious interest in ensuring closed-loop stability with
bounded control torques, there is a practical motivation in introduc-
ing control and control-rate saturations nested into the loop. Dirty-
derivative filters'® and other approaches proposed in Ref. 11 have
traditionally been adopted for output feedback stabilization of gen-
eral nonlinear systems with saturated inputs. One of the first studies
on the role of saturation constraints in the design of feedback con-
trollers for mechanical systems was performed by Schaub and Junk-
ins (see Ref. 12) using full-state feedback. This result was based on
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the kinematic work—energy principle but does not guarantee global
asymptotic stability. Some recent results are also available within
the robotics literature concerning Euler—Lagrange systems as seen
in Loria and Nijmeijer'® and references therein. These results adopt
hyperbolic trignometric functions to provide semiglobal asymptotic
stability with bounded (saturated) control inputs.

Nevertheless, all of the above-mentioned results hold only for
the robotics problem, and as far as we know, the problem of output
feedback attitude-tracking control for a rigid body with bounded in-
puts and bounded input rates remains open. In this paper, we tackle
this problem by using a linear filter in a spirit similar to the recently
proposed velocity-free attitude-tracking controller for rigid-body
rotational motion.” However, in this study, the main complication
arises from the fact that the inputs and the input rates are upper-
bounded by a priori fixed constants. We show that by adoption of
the once redundant unit-quaternion attitude representation in con-
junction with the passivity-based filter construction and novel use
of hyperbolic trignometric functions, this difficulty can be over-
come. As will be seen in the following developments, compared to
nonredundant three-parameter kinematic representations, direct pa-
rameterization of the overall attitude error by the four-dimensional
quaternion vector is one of the crucial contributing factors behind
our stability results.

The paper is organized as follows: in the following section, we
provide a formal problem statement accompanied by all the govern-
ing equations. In Sec. III, we propose and output feedback control
scheme and provide the associated stability analysis for the result-
ing closed-loop dynamics. Section IV presents numerical simulation
results, and the paper is closed with some concluding remarks.

Notation: We use ||-|| for the Euclidean norm of vectors and the
induced norm of matrices. We denote Tanh g = col[tanh(g,), ...,
tanh(g,)] for all g =col[q,, ..., g,] € R". The set of n times con-
tinuously differentiable functions is denoted by C". The largest and
smallest eigenvalues of any real symmetric and positive definite
matrix K are denoted by k), and k,, respectively. Finally, we adopt
q(t) to denote the time derivatives of both vector and matrix func-
tions ¢(z).

II. Problem Formulation

A. Governing Equations
The rotational motion of a rigid body is described by the well-

known Euler equation, represented by
)

=-Sw)lw+u (1)
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where w(t) € R is the angular velocity given in a body-fixed frame
of reference, I =17 € R3*3 is the positive-definite mass-moment-
of-inertia matrix, and u(t) € R? is an external torque input vector
that is subject to both magnitude and rate constraints given by

lu@®ll <um  and  Ja@®| < iim )
for all r € R. Also, in Eq. (1), S(-) denotes the skew-symmetric
matrix operator that performs the vector cross product in such a
way that S(a)b =a x b for every a, b € R>.

As far as the kinematics is concerned, we adopt the unit quater-
nion vector B(t) € R* to designate the attitude of the rigid body
relative to any target attitude. This is the minimal representation of
the rigid-body kinematics that is globally nonsingular. Moreover,
as we will show in the subsequent developments, the quaternion
parameterization, which is subject to the constraint ||3(¢)|| =1 for
all r € R, is beneficial from the point of view of imposing con-
trol saturation constraints and ensuring smoothness of the control
inputs.

The unit-quaternion representation of the rotation matrix is de-
fined by the equations

B = 1o, Bi. B2, B31" = [Bo. B,1". Bo = cos(¢/2);
B, =ksin(¢/2) 3)

where ¢ is the corresponding rotation angle about the Euler principal
rotation axis k. The rotation matrix C is related to the quaternion 3
through

C(B) =1+2B,S(B,) +25*(B,) “

Given the 3 x 3 proper orthogonal matrix C, the vector 3 can be
computed from Stanley’s algorithm.!* It should be noted that both
vectors +(3 and —3 represent the same rotation matrix C. However,
this sign ambiguity does not cause any problems because it can
always be resolved from the kinematic differential equations given
by

B=1EPw )

where the matrix E = E () is given by® '

— BT
E@B) = |: ’ } (6)
Bolzx3 — S(B,)

with /5, 3 being the 3 x 3 identity matrix. It can easily be verified

from the preceding definition that

E"BEB) = 1.3, E'B)B=0 @)

Consequent to Eq. (5), the angular velocity vector can be expressed
in terms of 3 and 3 as

w=2ET(B)p3 (®)

Thus, we adopt Egs. (1) and (5) to govern the nonlinear dynamics
of rigid-body rotational motion over the seven-dimensional [3, w]”
space subject to the unit norm constraint on 3.

B. Reference Trajectory and Tracking Errors

To track commanded attitude motions, various reference frames
need to be introduced. Let N be the inertial frame and let B be a body-
fixed frame. The reference frame corresponding to the commanded
motion is denoted by R. We choose to denote the commanded ref-
erence trajectory in terms of the reference quaternion vector 3.,
the commanded angular velocity w,, and the angular acceleration
w.. Let b, F, and n represent the unit-vector triads in the B, R, and

N frames, respectively. Further, let quaternions 3, 3, and e pa-
rameterize the direction-cosine matrices correspondingly between
various reference frames as follows [Note: C (e) = C (B)CT (3)]:

NiB:ﬂQZC(ﬂ)ﬁ

¢

N2, R=i=C(3)h
RS B=b=C)i )

Definitions for direction-cosine matrices C (3°) and C(e) can be
obtained by simply replacing 3 in Eq. (4) by B° and e, respec-
tively. Given the direction-cosine matrices C(3) and C(3°), the
error quaternion vector e can again be calculated via Stanley’s al-
gorithm from C(e) = C (B)CT (3°).

The quaternion vector e is a direct parameterization of the attitude
error. On the other hand, the angular-velocity error vector w can
be obtained as the difference between the body velocity w and the
commanded angular velocity w,. Extra caution is required in com-
puting 6w because most often it is natural to assign the commanded
angular velocity w, (and also the commanded acceleration w,) with
respect to the reference frame R. In such a case, the direction cosine
matrix C (e) can be used to map the R frame components of w, into
B frame components using the transformation

wf =C(e) w,. (10)

The angular-velocity error 6w may now be obtained using the
formula

bw=w—w’ (11)

However, computation of the commanded acceleration vector w? in
the body frame B requires additional knowledge of the body angular
velocity w via the equality

w? =Cle)w, — S(w)w® = Cle)w, — Sw)C(e)w, (12)

It is reasonable to assume that the quantities w,(¢) and w,(¢) and
the higher derivatives of w,(¢) are all uniformly bounded by finite
positive values that are a priori available. In other words, for all
t > 0, they satisfy
lweOI < @em, lwe Il < wem, and @ (O] < dem
Now, we can state the governing differential equations for attitude
error vector e and angular-velocity error éw as follows:

e=L1E(e)dw (13)

=2
16w = —SW)w+u—I[C(e)w. — S(W)Ce)w.] (14)

where Eq. (14) is obtained by combining Eq. (1) with Egs. (11)
and (12). Thus, the control objective would be to determine the
vector u subject to bounds specified by Eq. (2) such that the closed-
loop trajectories described by Egs. (13) and (14) are stable and they
converge to the set R ={ep ==+1, e, =0, 6w =0}.

III. Velocity-Free Control Solution with
Actuator-Magnitude and Rate Constraints

In this section, we show that tracking errors e and éw governed
by Egs. (13) and (14) can be controlled without angular-velocity
w feedback and, thus, only orientation 3 feedback is required. The
attitude error vector e can be computed from the values of 3 and
3¢ by making use of identities in Egs. (4) and (9). In the follow-
ing theorem, we summarize our control solution to the underlying
output feedback attitude-tracking problem subject to the actuator-
magnitude and rate constraints stated in Eq. (2).
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Theorem 1: Consider the system governed by Egs. (13) and (14)
and assume that there exist strictly positive scalar constants k,, -,
and A that satisfy the inequalities

Al u,

v

kp + k. + Ly (Goom + @) (15)

A2) i,

v

[k /2 4 ke (14 2 /24/3) + Ly (@ +207,) ]

X \/2Vo/ L + 2k:K20 /3 + Ty (@oem + 20emem) — (16)

where the constant V) is defined by

Vo= 3lum}, +4k,  forany  ms, > 6@  (17)
Let the filter vector z(t) € R* be generated as the solution of the

linear differential equation

i(t)=e,— k%2, with  z(0) = (1/k)e,(0)

for some keR (18)

Then the control input

u(t) = —k,e, — (kz/\/g)[e()13><3 + S(ev)]Tanh(A(eu — kzz))

+IC (0w, + S(w)1w? (19)

satisfies the control constraints in Eq. (2). At the same time, all
the trajectories of the resulting closed-loop system are guaranteed
to be bounded for all r > 0 and, furthermore, they asymptotically
converge to the set defined by Q ={ep =+£1, ¢, =0, 6w =0}.

Before we proceed with the proof for Theorem 1, the following
remarks are in order:

Remark 1: Assumption (Al) in Eq. (15) is due to the control-
magnitude constraint and likewise, assumption (A2) in Eq. (16) is
due to the actuator-rate constraint. In the absence of the magnitude
and rate constraints, one is free to select any finite and strictly pos-
itive value for the control gains k, and k. within the control torque
expression given by Eq. (19).

Remark 2: The control-rate constraint (A2) in Eq. (16) depends
on the quantity V,, which in turn depends on the initial angular
velocity w(0) (more specifically, ||6w(0)|| <ms,), as can be seen
from Eq. (17). Thus, whereas the control solution is “velocity-free,”
one does require at least an estimated upper bound on the initial body
angular-rate errors to satisfy the control-rate saturation constraint. In
the case in which only the control-magnitude constraint is of interest,
the gain variables k, and k. can be selected, taking only Eq. (15) into
consideration, thereby obviating the need for knowledge of an upper
bound on the norm of the initial angular-velocity error vector. By
the same argument, one can further observe that global asymptotic
stability for the tracking errors can be ensured by the control law in
Eq. (19) when only the actuator-magnitude saturation constraint is
of interest.

Remark 3: In the attitude-regulation special case, the quantities
Wems Wems and O¢p, in Egs. (15) and (16) can all be as taken equal
to zero and, thus, we may rewrite the two assumptions within the
statement of Theorem 1 as follows:

Al up = ky + ke (20)
A2) ity > [kp/2+ ke (14 1 /2V/3) [/ 2Vo/ Ly + 2k:K% [ V/3
2]

Notice from Eq. (20) that the modified control-magnitude constraint
(A1)’ no longer requires any information on the largest eigenvalue
of the inertia matrix /). In this context, it is important to note that
the so-called reduction property® for attitude regulation (in the ab-
sence of any actuator constraints) ensures that global stabilization
can be achieved without any knowledge whatsoever of the body
inertia matrix. We observe from Eq. (20) that the same reduction
property holds true even when one is interested in imposing only
the actuator-magnitude-saturation condition. On the other hand, the
control-rate-saturation condition Eq. (21) still requires information

on the largest and smallest eigenvalues (/); and I,,, respectively) of
the inertia matrix (or at least their upper and lower bounds, respec-
tively) along with the body initial-angular-velocity vector for the
attitude-regulation special case.

Remark 4: The control torque u(t) defined in Eq. (19) is inde-
pendent of the angular velocity and is hence termed velocity-free. It
remains smooth for all bounded and smooth reference trajectories.
Furthermore, in the case of set-point attitude regulation, the last two
terms on the right-hand side of Eq. (19) drop out. The resulting con-
trol solution has a structure somewhat similar to the passivity-based
control solution presented by Lizarralde and Wen® except for the sig-
nificant difference due to the presence of new terms involving the
hyperbolic trignometric functions. An important consequence is that
for this special case of attitude regulation, the proposed controller
does not require knowledge of the rigid body inertia parameters as
long as the control gains k, and k. are in accordance with Eqgs. (20)
and (21) and is hence robust to inertia uncertainty.

Remark 5: When compared with existing results in the literature,
the additional incorporation of the hyperbolic trignometric functions
lends novelty to the control law stated by Eq. (19) of Theorem 1. It
may be further observed that the tanh functions remain rigorously
smooth and the time rate of their change (degree of smoothness) is
a direct function of the parameter A. All other things remaining the
same, a larger value for A ultimately leads to a higher magnitude
for the time derivative of the control torque. In other words, the
parameter A provides an additional design knob within the control
torque provided by Theorem 1 that could be gainfully adopted for
improving the closed-loop performance. This aspect will be further
illustrated through numerical simulation examples provided in the
sequel.

Remark 6: The filter state z(¢) satisfies the stable first-order lin-
ear vector differential equation defined in Eq. (18) that is driven
by the forcing term e, (f) and is nearly identical to the filter dy-
namics presented in earlier passivity-based output feedback control
schemes.®”% In terms of frequency-response characteristics, these
filter dynamics can therefore be viewed as a low-pass system for all
bounded e, (¢) signals. The only notable difference compared to the
existing passivity-based solutions of Refs. 6, 7, and 9 is the choice of
the initial conditionz(0) = e, (0)/ k2. This selection not only ensures
that ||z(¢)|| < 1/k? for all r > 0 but also provides a smaller value for
Vo, as will be clear from the stability proof given in the sequel. The
advantage is that given a control-rate saturation value i,,, smaller
value of V|, ensures greater flexibility in obtaining feasible values
for control gains k, and k. consistent with the inequalities in either
Eq. (16) or Eq. (21). We should also point out that the value of filter
gain k plays an important role in defining the low-pass characteris-
tics of the filter state z. The ultimate choice of this design parameter
would indeed be dictated by signal noise levels encountered within
practical applications.

Proof of Theorem 1: The proof uses elements of Lyapunov stabil-
ity theory and is organized as follows. We first propose a Lyapunov
function candidate that is globally decrescent and radially un-
bounded in the tracking errors; then we prove that the time derivative
of this Lyapunov function is negative semidefinite along trajecto-
ries generated by Eqs. (13) and (14). Next, we invoke the uniform
continuity type of argument associated with Barbalat’s lemma to
show that the closed-loop system is asymptotically stable in the
sense of Theorem 1. We conclude the proof by showing that the
control input u(¢) defined in Eq. (19) indeed satisfies the magni-
tude and rate constraints defined in Eq. (2) as long as the feedback
gains k, and k. are selected in accordance with assumptions (A1)
and (A2).

Now, consider the following Lyapunov function candidate, which
is inspired by a similar construction within the context of the Euler—
Lagrange systems, '

1
V = Eéleéw + k[,[(eo —1)? +egeu]

3
Z log cosh [A(e,; — k%z;) ] (22)

i=1

N 2k,
V3A
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which is positive definite and proper. Following tedious but fairly
straightforward algebra, the time derivative of V (¢) evaluated along
the closed-loop trajectories can be established as

V = (2 /V3) e~ ) anh[3 (e, — )]

= —(2k./v/31)¢"tanh(22) < 0 (23)

Therefore, 6w(t), e,(t), z(t), and z(¢) are all uniformly bounded.
Also, because V >0 and V <0, we have that lim, _, .. V(t) =V
exists for some finite V., € R*. Also, from Eq. (23) and bounded-
ness of all signals within subsequent time derivatives of V (¢), it is
easy to establish that V' (¢) € L or, in order words, uniform conti-
nuity for V (¢). This result, in conjunction with the convergence of
V(¢) to Vo, permits application of Barbalat’s lemma (using the alter-
nate statement of this lemma from Ref. 16) to provide V (1) — 0 as
t — oo. This lets us go further and conclude that lim, _, -, 2(¢) =0.
Next, by virtue of the fact that the third time derivative of the func-
tion z(¢) is uniformly bounded, we conclude uniform continuity for
Z(t). Also, because lim, _, o, z(t) =0, we also have

t
lim / Z(r)dr +z(0)=0
t— 00 0

which when interpreted together with the uniform continuity of
Z(¢) permits reapplication of Barbalat’s lemma and finally leads
to lim, _, o Z() =0. Again, because 7z = —k*z + ¢€,, it follows that
€,(t) = 0 as t = oco. Now, starting with the unit norm constraint
on the quaternion vector eo(t)> + e” (¢)e, (t) = 1, and differentiating
both sides with respect to time, it follows that lim, _, , €o(?)éo(r) =0
after making use of lim, _, , €,(¢) =0. Therefore we have the fol-
lowing cases: 1) lim, _, o, €9(#) =0 and/or 2) lim, _, «, €y () =0. Let
us initially assume that lim, _, o, eo(t) =0 but lim, _, o, éo(¢) #O0.
In this case, using boundedness of various signals on the right-
hand sides of Egs. (13) and (14), it is possible to conclude
that éy(¢) is bounded, thereby implying uniform continuity for
éo(1). Also,

t
lim ey(r) =0 = lim / eo(t)dr
1 — 00 1—00 O

and using Barbalat’s lemma, we obtain lim,_, o, é¢(¢) =0, which
contradicts our assumption that lim, _, o, €9(¢) 7# 0. Therefore, irre-
spective of whether it is case 1) or case 2), it always follows that
lim, _, « €9(¢) = 0. However, at this point, it still remains to be shown
what happens to ey(t) as t — oo.

We proceed by using the facts that e,(z) =0 and éy(z) =0 as
t — 00, which means that the left-hand side of Eq. (13) equals zero.
Premultiplying both sides of Eq. (13) by the matrix E7 (e) and us-
ing the identity stated in Eq. (7), it follows that lim, _, , dw(¢) =0.
Next, Eq. (14) may be differentiated to show that bw € L, which
implies that dw(t) is uniformly continuous or by applying Bar-
balat’s lemma one more time, we have §w(¢) — 0 as ¢ — oo. This
last result, together with the control law given in Eq. (19), can be
used in Eq. (14) to demonstrate that —k,e,(t) — 0 as t — oo. We
therefore obtain lim, _, « [|le,(#)]|> =0 orlim, _, ~ €,(¢) = 0 and con-
sequently from the unit-norm constraint on the unit-error quater-
nion, lim, _, o eo(?) # 0 (more precisely, lim, _, o e9(¢) = £1). Fi-
nally, because lim,_ ,e,(t)=0, from Eq. (18) we note that
2(t) + k*z(t) — 0 as t — oo and therefore lim,_, o z(¢) =0. Thus
we are able to show that

lim [e, (t), 6w(?),z(t)] =0

thereby completing the proof of achieving the stated tracking
objective.

We now proceed to show that the control torque in Eq. (19) sat-
isfies the magnitude and rate conditions of Eq. (2) for all ¢t > 0.
Because e(t) corresponds to the attitude error quaternion, by defini-
tion, |le,(¢)|| <1 and |eg(t)| < 1. From Eq. (6) and Eq. (7), it follows

that |le, /3«3 + S(e,)|| < 1. Further, from Eq. (18), it is straightfor-
ward to establish that ||z(¢)|| < 1/k> for all t > 0 as long as we select
lz(0)|| < 1/k2. Thus, making use of all the inequalities and upper
bounds derived in the foregoing within Eq. (19), we have

lull < ky + k. + Lu[IC@Il&l + 2] @4

Because C (e) is a direction cosine matrix, ||C(e)|| is always equal
to unity and as a consequence, ||w?| = ||w,|| < wew. Thus, an upper
bound for u(¢) can be obtained from Eq. (24) as follows:

lull < kp + k. + Ty (Gem + @) (25)

This inequality is obviously identical to assumption (A1) in Eq. (15)
and, thus, we conclude that ||u(¢)|| < u,, for all t > 0.

Finally, in order to demonstrate that u(¢) satisfies the rate-
saturation constraint in Eq. (2), we need to proceed with term-
by-term differentiation of Eq. (19). Before we actually do
that, we can make use of Eq. (7) within Eq. (13) to obtain
lles]l < lldw|l/2 and |ey| < ||6w] /2. Because V (t) <V (0), from
Eq. (23), we then use the definition of V (¢) in Eq. (22) to ob-
tain || 6w||> <2V (¢)/1,, <2V (0)/I,. Moreover, from Eq. (17), if
we note that V (0) < Vj, then we are led to the inequality

1 v v [v
IIév(t)llszlléw(t)lls %)5 25)5 ﬁ vVt >0

(26)

Notice that selecting z(0) = e, (0)/ k? essentially eliminates the term

3
% Z log cosh [A (ev,- — kzz,-)]

i=1

within V' (¢) in Eq. (22) when evaluated at r = 0. If this choice were
not made (see Remark 6 stated earlier), then the upper bound V; on
V (0) would have to be appropriately modified in Eq. (17) by adding
a nonzero positive quantity

3

% ; log cosh [)‘ (e,,,- 0) — Kz (O))]

Now, by proceeding with differentiation of Eq. (19) with respect to
time, and making use of the signal upper bounds that we derived so
far, it can be shown that

2dkkn [k, s
: Lk 1+ 2= )16
7 +|:2+ < +2\/§>:||| w®)ll

+ H %[IC(e)wC + S (wP)1wF]

@ <

€2

Recalling the classical Poisson equation from rigid-body kine-
matics, the direction cosine matrix C (e) satisfies the differential
equation'’

d
EC(e) = —S(6w)C(e)
We deduce that

= 6@l

dC()
a e

‘We can employ this inequality within the last term inside the paren-
theses on the right hand side of Eq. (27) to obtain

lie(t) | < 2kk°A /3 + [kp/2+ k(1 + 2 /2V/3) 16w (@)

+ Ty (0em + 202, 160D + T (@om + 20mem) — (28)
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Substituting the upper bound on || dw(?) || in Eq. (26) and rearranging
terms, we finally write

I < [kp/2+ k. (141 /2V3) + Iy (60em + 20%,) |V/2Vo/ L

+ 2k N3+ Ly (em + 20mem) 29

which is again identically the same condition expressed in the
control-rate saturation constraint assumption (A2) in Eq. (16),
thereby completing all aspects of the proof for the stated
theorem.

IV. Numerical Simulations

As a test for the control law presented earlier, we consider a rep-
resentative problem of tracking a rigid body along a commanded
trajectory. This commanded motion corresponds to a rotational ma-
neuver starting at rest with the following quaternion vector 3¢ spec-
ifying the reference frame with respect to the inertial frame:

B°(1) = V025[0, cos0.21, sin0.27, —/3]"  (30)

In addition, we impose the control-magnitude and rate constraints at
u, =10.0 and u,, = 5.0, respectively. The inertia matrix is specified
by the matrix

25 10 5
I=(10 20 3
5 3 15

At time ¢ = 0, the spacecraft orientation is such that the initial atti-
tude described is 3(0) =[1, 0, 0, 0]7 with a zero initial body angular
velocity.

For the particular case of the reference trajectory specified
through Eq. (30), we consider the numerical simulation results
associated with the controller stated by Eq. (19). As seen from
Theorem 1, the gain variables k,, k., and k within Eq. (19) can
be selected as any positive constants (values from the first quad-
rant of the region within the k, —k. space) to ensure global
asymptotic stability for the closed-loop tracking error dynamics.
However, to satisfy the torque and rate constraints, these gain

variables need to additionally satisfy the conditions in Egs. (15)
and (16).

The associated control constraint conditions of Egs. (15) and (16)
are plotted in Fig. 1 by using Vy = 4u,, and the upper bounds of the
reference trajectory specified in Eq. (30). In this figure, whereas
the torque magnitude constraint given by Eq. (15) manifests as a
straight line in the k, — k. plane, we also compute and plot the
rate-constraint condition of Eq. (16) using three different values for
filter gain variable k: (a) k =0.25; (b) k=0.5; and (c) k =1.0. The
A parameter is fixed at a value of 2.0 for each of the three cases
for the filter parameter k. Additionally, for the case of k = 1.0, the
rate constraint condition is evaluated by using A = 5.0 to study the
effect of increasing A for the same value of k. It is evident from
this figure that choosing k& =0.25 implies that the rate-saturation
condition is ineffective for the most part in the sense that if we select
k, and k. values in accordance to the control-magnitude condition
alone, then those values would nearly automatically satisfy the rate-
saturation condition except within a narrow band of k,, values in the
interval (3.5, 5.5). On the other hand, it is also clear from Fig. 1
that choosing k = 1.0 dictates that the rate-saturation condition is
“active” in the region corresponding to k,, € (0, 6.8) and the torque
magnitude condition takes over the active role for k,, > 6.8. Thus, we
confirm that given particular values for u,, and u,,, the “feasible”
region for k, — k. indeed decreases with increasing values of the
filter gain k. Another important aspect illustrated in Fig. 1 is that
compared to the A = 2.0 case, increasing parameter A to a value of 5.0
while keeping & fixed at 1.0 reduces the feasible region in the k, — &
parameter space. Of further significance is the fact that even though
the foregoing discussion applies for the particular value of Vy =4u,,
chosen in these computations (also refer to Remark 2 stated earlier),
the qualitative aspect of all observations concerning influence of the
filter parameter £ remains true for any other choice of V,, > 0.

Once the feasible region for control parameters k,, and . is deter-
mined, the control design engineer would like to determine specific
values for these parameters that would be most desirable in achiev-
ing fast convergence for tracking errors. To analyze this aspect, we
simulate the closed-loop dynamics with different parameter values
chosen from within the feasible region in Fig. 1 to obtain quantita-
tive estimates of time required for convergence of tracking errors.
Here, the convergence criterion we adopt is defined by the time 7.

— Magnitude Saturation Constraint
— - Rate Constraint, k=0.25, A=2 1

. Rate Constraint, k=0.50, A=2
. = Rate Constraint, k=1.00. A=2
.0- Rate Constraint, k=1.00, A=5 —

Fig. 1 Torque magnitude and rate constraints in the k,—k; parameter space for various values of k and \.
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Table 1 Convergence-time histories for various selections
of controller parameters?®

k=0.25 k=0.5 k=1.0 k=1.0
kp A=2.0 A=20 A=2.0 A=50
0.25 k, =171 k, =171 k; =54 k, =24
t. = 3980 t. = 1016 t. =445 t. =445
0.50 k, =6.8 k; =6.8 k, =4.6 k, =22
t. = 1905 t. = 500 t. =240 t. =233
0.75 k. = 6.65 k. = 6.65 k. =44 k. =2.06
te =1112 t. =330 t. = 166 t. =162
1.0 k. =64 k. =64 k.= 4.12 k:=1.9
t. = 800 t. =243 t.=136 te =127
1.25 k; =6.1 k; =6.1 k, =3.8 k.=1.8
t. = 620 t. =190 t. = 144 t.=123
1.50 k. =5.9 k. =59 k. =3.5 k. =1.7
te =513 te =156 te = 151 te =125
1.75 k. =5.65 k. =5.65 k. =3.3 k. =1.61
t. =431 t. =130 t. = 156 te =129
2.00 k, =5.42 k, =53 k. =3.14 k: =1.52
t. = 365 t. =110 t. = 161 te = 137
2.375 k; =5.0 k.=4.7 k, =28 k; =1.39
t. = 346 .= 100 t. =193 t. = 161
2.50 k. =49 k. = 4.41 k. =2.77 k. =1.35
t. =345 t. = 101 t. = 200 t. =168
2.75 k.= 4.65 k. =4.2 k: =2.6 k. =1.25
t.= 344 te =109 te =215 t. =183
3.00 k, =4.4 k; =3.9 k, =24 k;=1.2
t. =384 te =115 t. =238 t. =195
3.5 . =39 k. =33 . =214 . = 1.06
t. = 460 t. =133 t. = 247 t. =200

4The fastest convergence-time cases for each k value are indicated in boldface.

taken to reduce |le,(¢)|| within a value of 10~*. These numerical
results are summarized in Table 1.

For each filter parameter & choice, the values of k, and k. selected
in Table 1 are derived from the outer boundaries of the feasible re-
gions shown in Fig. 1. These choices therefore have the interpre-
tation of being the largest feasible k. values for corresponding &,
k, and X values without violating the actuator magnitude and rate
saturation constraints. We note that keeping k fixed (going down
each column in Table 1), increase in the k, parameter leads to de-
creasing k. values. In terms of convergence, the rates of tracking
error convergence are extremely slow for both small and large val-
ues of k, (respectively large and small values for k.). Therefore,
for each k value, there exists an intermediate value for k, where
the convergence rate is fastest. Ideally, we desire as large a value
for k. (consequently small k,) as possible in order to make V (¢)
in Eq. (23) as negative as possible. Therefore, k, may be viewed
as a damping coefficient, and large k, values would correspond to
slow convergence rates due to the inherent overdamped nature of
the closed-loop dynamics. Similarly, very small &, values lead to an
“underdamped” slow and oscillatory response. There exists an inter-
mediate value for k£, which provides the fastest response for a given
choice of parameters £ and A. The numerical results presented in
Table 1 confirm this aspect wherein we have highlighted the fastest
convergence time cases for each k value in bold font.

In terms of tracking error convergence rates, the data pre-
sented in Table 1 indicates that while using £ =0.25, the fastest
convergence . =344 occurs when (k,, k., 1) =(2.75, 4.65, 2.0).
However, this rate of convergence is very slow compared
to the best convergence rate of f7.=100 obtained using
(k, kp, k-, 1) =1(0.5,2.375,4.7,2.0). On the other hand, further in-
crease in the value of £ provides a best #, = 136, which is again
slow compared to the fastest 7. obtained using k =0.5. Therefore,
from the point of view of convergence rates, there exists an opti-
mal value for the filter parameter k that provides fastest tracking
error decay rates. Another interesting aspect evident from Table 1 is
that keeping k fixed at any particular value (k =1 in this case), the
convergence rates can be moderately accelerated by using a larger
A value. Of course, larger A invariably causes higher torque rates,
thereby “shrinking” the feasibility region in the k, — k. parameter
space (refer to Remark 5 stated earlier).

The closed-loop tracking errors as a consequence of our choice
of (k, k,, k., A)=1(0.5,2.375,4.7,2.0) within the control law de-
scribed by Eq. (19) are shown in Fig. 2. These gain parameters cor-
respond to the “+A” point in the k, — k. feasibility space shown
in Fig. 1. The corresponding control torques given by u(¢) and
the control-rate signals are also shown in Fig. 2. It is to be noted
from the plots that the proposed control law satisfies the magni-
tude constraint on the torque (max(||u(¢)||) ~ 4.0 < u,,) and its rate
(max(||zz(?)|]) ~ 3.0 <u,,) well within the bounds we have speci-
fied. The tracking errors dw(t) and e(¢) achieve convergence after
about 100 s of simulation, which is also consistent with the results
tabulated in Table 1. The effects of sensor noise are not included in
this simulation.

Our next simulation considers the presence of noise in the sen-
sor outputs. Corresponding to the same simulation case considered
earlier with (k, k,, k., A) =(0.5,2.375, 4.7, 2.0), we include zero-
mean noise signal having a moderate standard deviation of 0.03
within each component of the error quaternion [e,, ¢y]”. It could
be noted that a standard deviation of 0.03 on quaternion measure-
ments physically corresponds to about 4 degrees error in the Euler
angles (say, a 3—2—-1 rotation sequence). Therefore, our simulations
correspond to the adoption of a very coarse attitude sensor when
compared to the noise-corrupted simulation results of velocity-free
attitude controllers presented in Ref. 8. The noise-corrupted quater-
nion signal is renormalized to make it a unit vector and implemented
within the feedback torque commanded by Eq. (19). The closed-loop
dynamics are simulated to study the performance of the velocity-free
control structure with respect to sensor noise effects. These results
are shown in Fig. 3. The tracking errors reported in this figure show
that good performance can indeed be obtained through the velocity-
free control structure in the presence of sensor noise. Importantly,
the effects of noise are not being unacceptably amplified because of
the adoption of the filter dynamics governed by Eq. (18).

To further investigate the role played by the value of the fil-
ter parameter £ on noisy measurements, we consider two distinct
cases: 1) parameter choice “+A” designated in Fig. 1, described by
k=0.5, (kp, k., A) =(2.375,4.7,2.0); and 2) choice “&B” shown
in Fig. 1 using k=1.0, (k,, k., 1) =(1.0,4.12, 2.0). For each of
these two cases, we perform numerical simulations including the
effects of sensor noise. The levels of sensor noise added in both
cases are the same, having zero mean with a standard deviation
of 0.03. The standard deviations of the three components of the
control-torque vector are computed to study how the value of k£
impacts the overall noise levels within the closed-loop simulation.
These results are summarized in Table 2. The standard deviation
of the jth torque component is designated as o,/ for j = 1,2, 3. As
expected in Remark 6, the simulation data confirm that adopting a
higher value for the filter parameter £ as in case 2) provides for an
overall reduction in the noise levels when compared to the relatively
smaller k£ value in case 1). At the same time, it may also be noted
from Table 1 that the larger k value case &B takes a longer conver-
gence time of #. = 136 when compared to the smaller k value in +A
where 7. = 100. Therefore, we have an important trade-off that arises
from the practical considerations of sensor noise rejection vis-a-vis
desire for faster tracking error convergence. If faster convergence is
the sole design criterion, then one can determine an optimal value for
the filter parameter k, which may, however, exhibit inferior sensor-
noise-rejection properties. On the other hand, the effects of noisy
measurements on the control torques can be greatly reduced by us-
ing larger and larger values for the filter parameter k. In this case,
the penalty comes through lower tracking-error-convergence rates.
In this context, the additional degree of freedom available through

Table 2 Simulation data comparing the noise levels
in the control torque as impacted by the choice of
different filter parameter k values

Parameter values

from Fig. 1 o) o} o}
“+A”k=0.5 0.0781 0.0754 0.0788
“&B”: k=10 0.0587 0.0546 0.0600
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Numerical simulations including noise.
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the proposed control structure in terms of the parameter A can help
in improving the convergence speeds even when higher £ values
are utilized. This flexibility in having the ability to tune the param-
eter A in order to achieve larger values for the filter parameter k
without much sacrifice in the tracking error convergence rates may
be construed as a distinct advantage of the control torque, Eq. (19),
provided by Theorem 1.

V. Conclusions

In this paper, we consider the passivity-based output feedback
control problem associated with attitude tracking of a rigid body
subject to actuator saturation. In this context, output feedback im-
plies that only the attitude measurement is available for feedback and
the body angular-velocity vector is not employed in the synthesis
of smooth and differentiator-free control algorithms. When com-
pared to the standard problem of output feedback attitude control
without control saturations, the proposed control scheme requires
availability of additional a priori information (an upper bound on
the norm of the initial angular velocity and upper bounds on the sig-
nals defining the reference trajectories). The kinematic part of the
governing equations is expressed in terms of the four-dimensional
quaternion vector. This choice for the kinematics and our adoption of
hyperbolic tangent functions play crucial roles in enabling our for-
mulation. The control solution derived here guarantees asymptotic
stability for tracking-error dynamics about all bounded reference
trajectories in the presence of control magnitude and rate saturation
constraints. Our control solution utilizes the passivity filter variable
synthesized through a first-order stable differential equation that
is parameterized in terms of a filter parameter k and is forced by
the attitude error vector (measurement). In the practical case where
there exists noise in the measurement of the attitude variable, it is
always desirable to utilize as large a value for the filter parameter
k as permitted within the control saturation bounds. In this context,
we have demonstrated through both analysis and numerical simula-
tions that the hyperbolic trignometric functions present within our
new construction impart greater flexibility for tuning the controller
through the presence of the A parameter. This benefit is evident
from the fact that relatively large values can be utilized for the fil-
ter parameter k without compromising either control smoothness
or asymptotic convergence rates (closed-loop performance) for the
tracking errors.
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